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Let M, be the (coarse) moduli scheme over Z for smooth, irreducible 
algebraic curves of genus g (cf. [6], Coroll. 7.14). 
THEOREM. Let lc be a field, P a geometric point of MS 8 k, and CP 
a curve over some algebraically closed field corresponding with P. Suppose 
Cp is hyperelliptic. The point P is singular on MS @ I% if and only if 
/Aut (C)l > 2. 
REMARK. This was proved in case char (Ic)=O by RAUCH (cf. [lo], 
Th. 1. ii), and conjectured by POPP (cf. [9], p. 91) in the general case. 
This result is the last detail in the work by Rauch, Popp and others in 
describing the singularities of coarse moduli schemes for curves: Ml s Al 
is non-singular ; for Mz, cf. [4], Theorem 4 (note that “the variety of 
moduli” constructed by Igusa for g = 2 is isomorphic with the scheme Ma 
constructed by MUMBORD, cf. [8], Fact 10) ; for g 2 4, or g= 3 and C not 
hyperelliptic, P is singular on M, if and only if Cp has non-trivial 
automorphisms (cf. [lo], and [9]). 
LEMMA 1. Let Mg be as above, let A, =A,,l,i be the coarse moduli 
scheme over Z for principally polarized abelian varieties with level one 
structure (cf. [6], Coroll. 7.14 and Th. 7.10). If g= 1, 2, 3, the morphism 
(cf. [S], 7.4) 
j: M,+A, 
is an open immersion. 
LEMMA 2. Let k: be a field, V an irreducible subscheme of MZ @I k, 
and P the generic point of Tr; let C= Cp be a curve (over some algebraically 
closed field) corresponding with P. Assume C admits a non-trivial auto- 
morphism t; in case C is hyperelliptic, assume moreover order (z) # 2 or 
C/z c/g Pi (i.e. z is not the involution which makes 0 hyperelliptic). Then 
dim Vg4. 
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PROOF OF THE THEOREM. Choose some large integer m prime to 
char (k) such that A a,~,~ is a fine moduli scheme (cf. [6], Th. 7.9); 
define W by 
Tiy&)= :w- A3,1,m 
M3e &=&,I,I. 
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Note that W is an open subscheme of As,~,~ by Lemma 1. Because A~,I,~ 
is a fine moduli scheme (for principally polarized abelian varieties) it 
(and hence W) is smooth (cf. [7], the “if” part of Th. 2.4.1). Note that z 
(and hence p) is a Galois covering (cf. [6], p. 141). A “general” abelian 
variety of dimension three has no automorphisms except & id (e.g. this 
is true for a general abelian variety of dimension 2 and of dimension 1, 
hence true for a product A x B, A and B general of dimension 2, 
respectively 1; alternative argument : a general abelian variety of di- 
mension three is a Jacobian variety, and use the Torelli Theorem, and 
the first Theorem on p. 106 of [9]). Thus the Galois group of 7c is 
GL(6; Z/m)/( f id). If C is a hyperelliptic curve, C C Jac (C)= J, then 
( -id~)jC= (T, where 5 is the non-trivial Galois element of the canonical 
two-fold covering C -+ Pi (everything over an algebraically closed field). 
Let P E Ma, C=CP hyperelliptic, and Q E W with q(Q) = P. Note that 
for any hyperelliptic curve C, with canonically polarized Jacobian variety 
(J, @I, 
Aut (G) N\ Aut (J, 0) 
(use the Torelli Theorem, e.g. cf. [5], pp. 790/791, and the fact Jac (C) = J). 
Thus the stabilizer (inertia group) of the point Q in the covering z 
(or in the covering v) equals 
Aut (C)/(l, U> s Aut (J, O)/(& id). 
Therefore the proof of the Theorem is reduced to showing: P is non- 
singular on Ms iff the stabilizer of Q is trivial. 
Suppose this stabilizer is trivial, i.e. p is unramifled at Q ; because 
A~,I,~ is smooth, W is smooth (at Q), thus P is non-singular on Ma. 
On the other hand, suppose P is non-singular on Ma; because the 
same holds for Q on W, and because v is (quasi-)finite, the morphism 9 
is flat at Q (cf. [l], Corollary 3.6 on p. 95), thus purity of branch locus 
can be applied (cf. [l], Th. 6.8 on p. 125), which implies that the branch 
locus of p at P is empty or has codimension at most one (hence dimension 
> 3.3 - 3 - 1 = 5). By Lemma 3 the last case is excluded, thus pl is not 
branched at P, and Q being a smooth point this implies P is non-singular 
on Ms. Thus the proof of the Theorem is concluded. 
Note that in Theorem 6.8 on page 125 of [I] the conclusion should 
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read : codimension < 1, or one should assume X -+ Y separable, or 
something alike to ensure codimension one, in order to avoid trivial 
counter-examples like Y =Spec (k), Y =Spec (k[aJ/(G)) or X=Spec (II) 
with K/k not separable. 
SKETCH OF THE PROOF OF LEMMA 2 : Note dim (MS) = 6. If the generic 
point P of V corresponds to a non-hyperelliptic curve C, then 
codim (I’ C Ma) > 2. 
(Cf. [9], p. 106, lower Theorem, (2); also cf. [S], Proposition 14), thus 
dim V<4. 
Now suppose Cp is hyperelliptic. We indicate two proofs. 
One way is the following ; suppose the order of z is q, a prime number; 
distinguish the following cases : [q> 2 and q# char (Ic)], or [q> 2 and 
q= char (Ic)], or [q= 2, and genus (C/z) > 01; the methods as used in [9], 
pp. 102-106 in each of these eases prove 
tr. deg. (k(P)/k) G 4 
(cf. [8] for details). 
Another way is the following; distinguish the cases char (k) > 2 and 
char (k)=2. In the first case CP is given by an equation 
Yz=X(X-1)(X-es)x . . . x (X-e7), 
0 E Aut (6’~) is given by 
4x, Y) = (x9 -YL 
, 
and u is in the center of Aut (Cp) (b ecause the two-fold covering C + Pi 
is unique) thus r E Aut (C p in ) d uces a non-trivial automorphism -Z of Pi 
which permutes (0, 1, ea, . . . , e7, co} ; this implies 
tr. deg. (Ic(ea, . . . . eT)/k) < 5, 
thus dim I’< 4. In case char (k) = 2 one considers the various types of 
two-fold branched coverings C --f PI; following HASSE (cf. [3], we write 
nt instead of his 10, we know 
~~21, ni gO(mod2) and (nlf1)+...+(n,+1)=8, 
thus (nl, nz, . ..)=(l. 1, 1, l), or the other cases (3, 1, l), (3, 3), (5, l), (7); 
in the last four cases the number of moduli is at most 4 (this follows 
by writing down normal forms using [3], analogous with the case g=2 
as done by IGUSA, cf. [4], p. 165; or, one can apply [ll], V. 17, Propo- 
sition 9 and VI. 12, Example 2 on pp. 128-129, cf. [8] for further details); 
in case (1, 1, 1, 1) a normal form for C is 
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an automorphism z E Aut (C) as above induces an automorphism id #? E 
E Aut (PI) permuting (0, 1, e, m} ; it follows 
tr. deg. (k(e, a, b, c, d)/k) < 4 
and along these lines the Lemma is established (in short: for a general 
hyperelliptic curve D of genus 3, Aut (D) = (1, G}). 
REMARK. The bound in Lemma 2 is sharp: for any field I%, and for 
any integer q # char (Ic), q> 1, there exists a curve C of genus 2q - 1 
having an automorphism of order q such that the corresponding point 
P E Mg @I k has tr. deg. (k(P)/k) =4: choose D of genus 1 with j=j(D) 
transcendental over Ic, choose K =Ico), choose PI E D(K), choose 
Pz, P3, Pq E D algebraically independent over K, then 
tr. deg. (k(j, P2, Pa, P4)/k) = 4, 
and construct a cyclic covering C + D of degree q which branches at the 
points PI, . . . . P4. 
PROOF OF LEMMA 1: Because Ag,+ is smooth over Spec (Z[m-11) for 
m big and because it is a Galois covering of A, @ Z[m-l] (cf. [5], p. 141), 
we conclude A, to be normal. By the Torelli Theorem j is injective on 
geometric points. Note that for a field Ic, dim (Mg @ k) = 1, 3, 6 in the 
cases g = 1, 2, 3 and dim (A, @ k) = tg(g + 1) ; thus j is generically surjective. 
Because the generic fibre of A, + Spec (Z) is of characteristic zero we 
conclude j to be birationa2. By Zariski’s Main Theorem (cf. EGA, 1111.4.4.9) 
the conclusion of the Lemma follows: j is an open immersion. 
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